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Abstract
The goal of the international Muon Ionization Cooling
Experiment (MICE) is to demonstrate muon beam ionization
cooling for the first time. It constitutes a key part of the R&D
towards a future neutrino factory or muon collider. The in-
tended MICE precision requires development of analysis
tools that can account for any effects (e.g., optical aberra-
tions) which may lead to inaccurate cooling measurements.
Non-parametric density estimation techniques, in particular
kernel density estimation (KDE), allow very precise calcula-
tions of the muon beam phase-space density and its increase
as a result of cooling. In this study, kernel density estimation
technique and its application to measuring the reduction in
MICE muon beam phase-space volume is investigated.
MUON IONIZATION COOLING
EXPERIMENT
The Muon Ionization Cooling Experiment (MICE) aims
to demonstrate ionization cooling, the only beam cooling
technique capable of reducing the muon beam phase-space
volume within the short muon lifetime. In ionization cooling,
the beam cooling occurs via ionization energy loss of muons
in a low-Z absorbing material. A figure of merit for beam
cooling is the measure of root-mean-square (RMS) emit-
tance reduction. For optimum muon ionization cooling, the
idea is to maximize the cooling effect from ionization energy
loss and minimize the heating effect from multiple Coulomb
scattering. These two effects are modeled in terms of the
change in the normalized transverse RMS emittance [1],
dε⊥
dx
≈ − ε⊥
β2Eµ
〈
dE
dx
〉
+
β⊥(13.6MeV/c)2
2β3EµmµX0
, (1)
where Eµ is the muon energy, βc is the muon velocity,
dE/dx is the magnitude of the ionization energy loss, mµ is
the muonmass, X0 is the radiation length, and β⊥ is the trans-
verse beta function at the absorber. Setting the cooling term
(first term of Eq. 1) equal to the heating term (second term
of Eq. 1) leads to the the minimum achievable emittance, or
equilibrium emittance [1]:
ε⊥ 
β⊥(13.6MeV/c)2
2X0βmµ
〈
dE
dx
〉−1
. (2)
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A smaller equilibrium emittance (compared to an input emit-
tance) leads to a more effective emittance reduction, which
from Eq. 2 is achieved when the beta function, β⊥ is mini-
mized (strong focusing), and X0 is maximized (low-Z ma-
terial) for a given energy loss, dE/dx [1]. In MICE, the
cooling is measured for different optics configurations, in-
put emittance values, and reference momentum values, and
the measurement of each muon coordinate is done via the
scintillating fiber tracking detectors. Each tracker is com-
posed of five scintillating-fiber planar stations with three
doublet fiber layers [2] immersed in the solenoidal fields of
the Spectrometer Solenoids (SS) (Fig. 1). The upstream and
downstream SS consist of five superconducting coils with
two responsible for matching the MICE muon beam into
and out of the absorber and three responsible for keeping
the fields constant inside the tracking volumes. For measure-
ment of beam cooling in MICE, the input and output beam
distributions at the tracker stations immediately upstream
and downstream of the absorber (tracker reference planes)
are compared. Trackers reconstruct position and momen-
tum coordinates of each muon through a series of cluster
finding, space point reconstruction, and helical track fitting
algorithms [2].
NON-PARAMETRIC DENSITY
ESTIMATION
The RMS emittance measurement can be sensitive to the
tails of the beam distribution and can lead to inaccurate mea-
sures of beam cooling. Therefore, alternative measures of
beam cooling such as the reduction in the beam phase-space
volume and increase in phase-space density can be consid-
ered. MICE is a single particle measurement experiment that
measures muon beam cooling to great precision, making it
possible to use analysis tools that can estimate the underlying
beam distribution more precisely. Non-parametric density
estimation techniques are examples of such analysis tools
(first developed by Murray Rosenblatt in 1956 [3]). The old-
est and most well-known non-parametric density estimator
is the histogram where the distribution function can be esti-
mated via binning the data set and counting the data points
inside each bin. Determining the distribution function in
this manner does not require a prior assumption about the
functional form of the data. Parametric density estimation
methods, on the other hand require an assumption about
the underlying distribution; once a functional form for the
distribution is assumed, the dataset is fit to that distribution
for an estimation of the distribution parameters (e.g. distri-
bution mean) [3]. A more advanced non-parametric density
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Figure 1: Schematic diagram of the Muon Ionization Cooling Experiment in its current experimental configuration.
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Figure 2: Comparison between the parametric density esti-
mation approach and two non-parametric density estimation
techniques.
estimator is the kernel density estimation (KDE) technique
where instead of bins, smooth weight functions known as
kernels are used [4] and x, px, y, py of each muon is smeared
with a Gaussian kernel. A comparison between the density
curves estimated using the histogram, KDE, and the para-
metric approach is illustrated in Fig. 2 where the underlying
distribution is bimodal. The parametric approach assumes
a Gaussian distribution and obscures the bimodal nature
of the density curve. In addition, compared with the KDE
approach, the histogram is a less smooth representation of
the distribution. In the KDE approach, the density curve is
obtained by summing over the kernels that are centered at
each data point in the distribution [4],
fˆ (®x) = 1
nhd
√
2pi
n∑
i=1
k
©­­«
−
®x − ®Xi 2
2h2
ª®®¬ (3)
where k
(
−| ®x− ®xi |2
2h2
)
is the kernel written as a function of
reference point ®x (point at which the density function is eval-
uated), ith data point ®Xi (each ith data point contributes to
the density at point ®x and represents the transverse position
and momentum coordinates of each muon in MICE beam),
and the width of the kernel h (indicates the level of smooth-
ing in the estimated density curve). n is the sample size and
d is the dimensionality of the dataset. Fig. 3 illustrates how
the KDE approach estimates the underlying density function:
the kernels are centered at each data point and are summed
to estimate the underlying distribution [4]. KDE is therefore
Figure 3: An illustration of the kernel density estimation
technique.
a powerful analysis tool for a single particle measurement
experiment like MICE. In addition, the KDE compared to
the histogram approach produces a higher resolution density
measurement in higher dimensional phase space [4], making
it a more suitable alternative to histogram in transverse or
six-dimensional beam cooling studies in MICE [4–8].
SIMULATION RESULTS
The MICE simulation studies in this paper are done using
MAUS v3.0 [9] and G4beamline v2.16 [10]. The MAUS
routine generates the input muon distribution for tracking in
G4beamline. The simulated magnet currents in the cooling
channel are the same as the MICE runs from the user cycle
2016/04 (with two of the five coils in the downstream spec-
trometer solenoid turned off). The input beam contains a
sample size of 10, 000muons with a reference momentum of
140 MeV/c and input normalized transverse RMS emittance
values of 6 mm (referred to as 6–140) and 10 mm (referred
to as 10-140). The cooling channel contains a LiH absorber
which is centered at z = 0. There is particle loss due to
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Figure 4: Evolution of the core phase-space density for the
6 − 140 beam setting.
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Figure 5: Evolution of the core phase-space volume for the
6 − 140 beam setting.
scraping after passing through the LiH absorber. The simu-
lated transmission efficiency is 85%. No particle selection is
applied downstream of the LiH absorber to discard scraped
muons from the upstream sample. Figures 4, 5, 6, and 7 show
the evolutions of the phase-space density and volume of the
9th-percentile contour, representing the beam core (the con-
tour enclosing a volume containing 9% of the muon sample)
along the MICE cooling channel for the 6−140 and 10−140
beam settings. The transverse phase-space coordinates are
recorded along the z axis from location z = −1.9 m up-
stream of the absorber (upstream tracker reference plane) to
z = 1.9 m downstream of the absorber (downstream tracker
reference plane). The phase-space density and volume re-
spectively increase and decrease as a result of beam cooling.
The volume of the 9th-percentile contour is obtained using
the Monte Carlo (MC) volume calculation method [5–8].
Figures 6 and 7 (a simulation study with an input emittance
of 10 mm) demonstrate larger percentage changes in density
and volume compared with Fig. 4 and Fig. 5; this is because
the input emittance of the beam is much larger (10 mm) for
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Figure 6: Evolution of the core phase-space density for the
10 − 140 beam setting.
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Figure 7: Evolution of the core phase-space volume for the
10 − 140 beam setting.
the same magnet setting and equilibrium emittance as the
6 − 140 case.
CONCLUSION
The KDE technique has been applied to MICE simulation
to characterize the MICE muon beam. KDE is a powerful
non-parametric analysis approach in predicting the under-
lying density function of an input data set without any as-
sumptions of the distribution functional form. KDE has also
been used to isolate the core of the distribution where the
beam distribution is free from any tail effects.
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